
Announcements

• Assignment #6 due Thursday

• Assignment #7 assigned Thursday!  LAST ONE!



Summary of Feynman Rules!

• Fermions:
• Incoming: Outgoing:

• Incoming/outgoing photon:

• Internal photon:

• Internal fermion:

• Vertex: 



Mathematical Formulation of Amplitudes
• When an amplitude is first written according to the rules, it is of the 

form:

• This is a function of the system’s total four-momentum! So, each term is 
really some dependence on p.

• A set of prescriptions can be used to simplify this down.



Calculating the Cross-Section
• The differential cross-section is of the form

• So, we need to know both the amplitude and its Hermitian conjugate:

• A set of prescriptions can be used to simplify this down!



Spinor Field Simplification
• When we calculate            , the spinors of a given momentum p will end 

up pairing as

• This is a 4x4 matrix! On Assignment #6, you saw that u(p) is a four-
vector

• It’s easy (!) to show that



Finishing the Calculation
• Typically, the gamma matrices appear with the metric in the form

• So, the final probability will be of the form

• We need to impose the appropriate momentum conservation (e.g. the 
internal photon k), so this simplifies even further!



• Multiplying this out and taking advantage of some gamma matrix 
identities, this can boil down to the form

• The order of the scattering is e4 since the amplitude is e2.

• The angular dependence of the scattering is introduced through the inner 
products between initial and final momentum states!

• The particle energy comes from m2 = E2 – p2



The Non-Relativistic Limit
• An e- e- scattering has the amplitude

• The four momentum is

• In the non-relativistic limit, this is

• So, the quantity in the denominator is

• You can show (assig #6!) that   



• So, in the non-relativistic limit, the amplitude

is actually 

• This lives in momentum space!  So, we can bring it to position space by 
Fourier transforming the expression.

• Ignoring the (2m)2, this is

Coulomb’s law!



Loop Corrections



Higher Order Corrections
• Tree-level diagram amplitudes are of order e2

• We can think of Feynman diagrams as “series expansions” of a physical 
process, where there are additional higher-energy (higher-order) terms 
that must be included

• These include:
• (electron) self-energy

• vacuum polarization

• vertex corrections



Self-Energy Corrections
• Consider a (free) electron of self-energy E0 = m (i.e. the rest mass)

• We think of this as the “0-th” order term in a series, because according to 
quantum mechanics there are shorter-scale, higher energy processes that 
occur!

• We can draw Feynman diagrams that represent these higher-order energy 
corrections by adhering to the vertex rule!



Self-Energy Corrections
• The electron can emit a virtual photon that gets reabsorbed

• This is an order e2 correction to the self-energy, since there are two 
vertices!

• We can also have higher order corrections (e4) , including:



Vacuum Polarization
• The QED vertex allows us to construct diagrams of the form

• This is vacuum polarization – an order e2 correction to the photon’s energy

• It’s why the speed of light is finite! (the electron “slows down” to interact 
with the virtual photons)



Vertex Corrections
• The last one-loop diagram in QED is of the form

• This provides a correction to the electric charge (coupling strength)!



Regularization and Loop Corrections
• For loop diagrams, we need to add one extra step to the calculation of the S-

matrix

• Since the loop particle is virtual, the momentum of the loop particle can take 
on ANY value!

• So, we integrate over all possible momenta to get the result

• But most (all!) of these integrals diverge!



Power Counting
• A quick way to determine whether or not an integral diverges is power 

counting 

• Momentum integrals that converge are finite are well-behaved

• Momentum integrals that diverge are infinite and require regularization 



Power Counting
• For example:

• For second example!

• We can also treat the measure directly as a power of p



Electron self-energy
• The amplitude for the first-order loop

correction is

• In terms of momentum power, this is of the order

• When we integrate this over all momentum, we get

Linearly divergent



Vacuum Polarization
• The amplitude for vacuum polarization is

• Power count!

• Total power:
• Quadratic divergence



Taming the Divergence
• Physical quantities aren’t infinite!

• Either quantum field theory is wrong (maybe!), or we can use the amplitude 
but manually insert a cut-off in the integral!

• We “tune” the cutoff according to physically measurable parameters (e.g. 
electric charge, electron mass, etc…)

• There are a number of other methods to tweak the integral as well 
(dimensional regularization, zeta-function, etc…)

• The entire bag of tricks to tame the integrals is called renormalization


