
Assignment #1
Physics 322 – Spring 2020

Due: Thursday 30 Jan

Please answer all questions with complete solutions. All questions are of equal value.

1. (a) The commutator of two operators is defined as [A,B] = AB−BA, which is
also an operator. In general [A,B] 6= 0 (although there are special cases where
this is true). Show that if the operators A and B are hermitian, then so is their
commutator . (Hint: Remember that to show this, we have to act it on a state
vector – [A,B]|ψ〉).
(b) The Heisenberg Uncertainty Principle is [X,P ] = ih̄I, wherre I is the iden-
tity. Evaluate the following:

〈x|[X,P ]|ψ〉

and show that it necessarily implies that P |x〉 = h̄
i
d
dx
|x〉 (i.e. there is no other

choice of P |x〉 that will work).

2. More Dirac notation practice! Derive the Schwarz Inequality 〈α|α〉〈β|β〉 ≥
|〈α|β〉|2 for arbitrary vectors |α〉 and |β〉. Since |α〉 and |β〉 are arbitrary states,
you cannot assume that they are normalized, i.e. 〈α|α〉 6= 1 and 〈β|β〉 6= 1.
Fiurthermore, they are not necessarily orthogonal, 〈α|β〉 6= 0. [Hint: define a

new state |γ〉 = |β〉 − 〈α|β〉
〈α|α〉 |α〉 and assume 〈γ|γ〉 ≥ 0 ]

3. (a) Show the commutator of a product of operators A,B, and C satisfies
[A,BC] = [A,B]C +B[A,C].

(b) Ehrenfest’s theorem is a relationship between the expectation value of an ob-
servable’s commutator with the Hamiltonian operator, and the time-derivative
of the expectation of the observable,

1

ih̄
〈[Ô, Ĥ]〉 =

∂

∂t
〈Ô〉

Using your result from (a), derive Ehrenfest’s theorem for the position and
momentum expectation values for a free particle (note that you only need the
correct form of the Hamiltonian, not the wavefunction). Does this look familiar?

(c) Write Ehrenfest’s Theorem for the position and momentum expectations for
a quantum harmonic oscillator. Does this look familiar?

4. We know discrete quantum eigenstates are orthogonal, i.e. 〈i|j〉 = δij. This fol-
lows from the fact that we can write |i〉 as a unit vector with 1 in the ith place. In



the case of continuous eigenstates (eigenfunctions), we still have orthonormality
of the form

〈ψi|ψj〉 =
∫ b

a
〈ψi|x〉〈x|ψj〉 dx = δij

where the functions are defined over the interval a ≤ x ≤ b. Show that this
is true for the particle in a box (infinite potential well) of width L, whose
eigenstates are

ψn(x) =

√
2

L
sin

(
nπx

L

)


