
Perturbations to the
Hydrogen Atom



Perturbation Series
• Last time: an exactly-solvable quantum system is given by

• The perturbed Hamiltonian can be expressed as

• The effect of the perturbation is to create new eigenstates that are 
mixtures of the unperturbed eigenstates



Perturbation States and Eigenvalues
• The eigenstates for the perturbed Hamiltonian are

• The corresponding eigenvalues are then

• We can then write the perturbed Hamiltonian in terms of the original 
eigenstates and eigenvalues



• Collecting terms of order l, l2, l3, …. we can re-write this as

• Note that each successive iteration of l contains more terms



Collecting Terms

We can now determine the perturbed eigenvalues and eigenstates in 
terms of the original ones!



• The first-order energy term can be calculated by projecting the 
perturbed Schrodinger equation onto the unperturbed state

• If we know the functional form of W, then we can calculate it as

=1



Corrections to Eigenvectors

• From the order l equation, we have

• We can rearrange to get

• Projecting this into the unperturbed eigenstate gives



• We can therefore solve for the coefficient 

• These give the expansion of the perturbed eigenstates in terms of the 
unperturbed ones:



The Hydrogen Atom

• An exact solution to Schrodinger’s equation for the hydrogen atom (one-
electron atom) is given by the Hamiltonian

• This includes the kinetic term (first), orbital AM (second), and Coulomb 
potential (third)

• The solutions are of the form

Radial wavefunction Spherical harmonics (orbitals)



Perturbations to the H-wavefunction
• The exact solutions for the Hydrogen atom are naturally subject to several 

perturbations

1. Spin-Orbit coupling
The spin of the the electron influences its orbital angular momentum via a 
magnetic interaction with the proton, causing a correction to the energy levels

2. Spin-Spin coupling
The spins of the electron and proton couple and shift the energy level (hyperfine 
splitting)

3. Relativistic corrections to electron motion
The electron can’t really be described with classical momentum, so there is a 
relativistic correction to the Hamiltonian 

• For each, we can find a perturbation W such that 



Spin-Orbit Coupling

• Recall that the spin and orbital angular momentum states are defined 
as

• When we couple the states, the new eigenstates are

• But these are no longer eigenstates of the Hydrogen Hamiltonian!

• Perturbation!



Spin-Orbit Perturbation
• The potential energy acquired by a spin system in an external 

magnetic field B is

• The external magnetic field created by the nucleus in the e-frame is

• So, the spin-orbit perturbation is



• We can re-express this in terms of the eigenvalues for the 
unperturbed spin and orbit states:

• The operator J has eigenstates



• We can therefore write the perturbation as

• The first-order energy perturbations are easily evaluated as

• Recall



• The spin of the proton can also couple with the spin of the electron

• The proton’s magnetic field is

• This gives the electron energy

• The magnetic moment of the electron is

• So, the energy perturbation is 

Spin-Spin Perturbation



• The total spin of the system is

• Recall that a system of two spin-1/2 particles is described by the 
eigenstates

• The singlet and triplet states will have different energy corrections!

System of Two Spin ½ particles

Singlet!

Triplet!



Hyperfine Splitting
• The first-order correction to the energy is

• For each spin operator:

• But for the total spin, we can have



• The first-order correction to the energy is

• When a Hydrogen atom transitions from one of these states to the 
other, it emits a photon of wavelength ~ 21.1 cm

• Detected in interstellar H!



Relativistic Corrections to e- Motion

• The motion of the electron must be described (semi-)relativistically

• The energy is actually

• Factoring out the mass term:



• For weakly relativistic systems, this can be series expanded to yield

• The quantum perturbation term is thus

Rest 
energy!

NR
Kinetic 
energy!

Perturbation!



Next time!

Quantum information and quantum 
computation!!


